In inverse geophysical resistivity problems, it is common to optimize for specific resistivity values and bed boundary positions, as needed, for example, in geosteering applications. When using gradient-based inversion methods such as GaussNewton, we need to estimate the derivatives of the recorded measurements with respect to the inversion parameters. In this article, we describe an adjoint-based formulation for computing the derivatives of the electromagnetic fields with respect to the bed boundary positions. The key idea to obtain this adjoint-based formulation is to separate the tangential and normal components of the field and treat them differently. We then apply this method to a 1.5D borehole resistivity problem. We illustrate its accuracy and some of its convergence properties via numerical experimentation by comparing the results obtained with our proposed adjoint-based method vs. both the analytical results when available and a finite differences approximation of the derivative.
Introduction
We consider resistivity measurements to characterize the electrical properties of the subsurface. There exist (a) on surface resistivity measurements acquisition systems such as controlled source electromagnetic (CSEM) [1] [2] [3] [4] and magnetotellurics (MT) [5, 6] and (b) borehole logging measurements such as those obtained with loggingwhile-drilling (LWD) devices [7] [8] [9] , including the so-called deep and extra-deep [10, 11] In LWD resistivity measurements, the original Earth's subsurface model is often approximated by a sequence of 1D layered models [8] . Such an approximation often provides reasonable results due to the limited depth of investigation of LWD resistivity measurements compared with the assumed thickness of the geological layers. In the presence of a 3D point source, a 1D formation model allows to reduce the dimensionality of the problem from 3D to the so-called 1.5D via a Hankel transform (or two Fourier transforms) (see, e.g., [12] [13] [14] ). This 1.5D approximation can also be used to obtain an initial subsurface resistivity distribution from marine CSEM measurements [15] .
Resistivity measurements are inverted to map the Earth's subsurface (see, e.g., [3, 7, 8] ). Using gradient-based inversion techniques (e.g., Gauss-Newton), we need to estimate the derivatives of the simulated measurements with respect to the inversion variables to form the Jacobian matrix. These inversion variables are often the (constant) resistivity values of specific layers and their bed boundary positions. It is well-known how to compute derivatives with respect to the (constant) resistivity values for each layer, both numerically and semi-analytically (see, e.g., [8, 14] ). However, to the best of our knowledge, a fast adjoint-based formulation to compute derivatives with respect to the bed boundary positions in resistivity geophysical problems has not been published before. Such formulation employs the adjoint operator (transpose of the complex conjugate) to build an auxiliary (dual) problem whose solution facilitates the rapid construction of derivatives, as shown in [16, 17] . As a result, it allows to more rapidly compute accurate approximations of the derivatives than those obtained with a traditional finite differences approach.
The main contribution of this work is to provide an adjoint-state formulation to compute derivatives of resistivity measurements with respect to the bed boundary positions and analyze its performance. The fundamental idea to obtain such formula is to treat the tangential and normal components of the field separately. To do so, we employ a technique that is presented in [18] to compute the derivative of the measurements with respect to the conductivity values. It turns out that when computing derivatives with respect to the bed boundary positions, some adaptations are required in order to derive the correct formula carefully.
In Section 2, we describe 3D Maxwell's equations, and we construct a variational formulation for the reduced wave equation. Section 3 evaluates an adjoint-state formulation to compute the derivative of a measurement with respect to a bed boundary position. We verify and analyze the main advantages and limitations of our adjoint-based method via numerical experimentations in Section 4. Conclusions are in Section 5. This article also incorporate two appendices. The first one shows how to compute the derivatives of the phase difference and attenuation with respect to the bed boundary positions, while the second one describes a 1.5D formulation for computing derivatives with respect to the bed boundary positions.
Model problem
We consider 3D Maxwell's equations to model the EM fields (see, e.g., [14, [19] [20] [21] ). We have:
where E is the complex-valued electric field, H is the magnetic field, ω = 2πf is the angular frequency, where f > 0 is the frequency of the transmitter, andσ = σ − iωε, where σ and ε are the conductivity and the permittivity tensors of the medium, respectively, i is the imaginary unit, and μ is the magnetic permeability tensor of the media. J and M are the electric and magnetic volumetric current sources, respectively. For the sake of simplicity, and as it occurs in most geophysics applications (see, e.g., [14, 21] ), we restrict to the case where ε = ε 0 I 3 and μ = μ 0 I 3 with I 3 being the 3D identity matrix, and ε 0 and μ 0 being the vacuum permittivity and permeability, respectively. We also assume to have transversely isotropic (TI) materials with piecewise-constant resistivity distribution, which varies only along z-direction. This assumption is often used in borehole resistivity inversion for geosteering purposes (see, e.g., [8, 22] ). Therefore, the conductivity tensor σ of the formation is given by:
where σ t and σ n are strictly positive piecewise-constant functions of z. In Eq. 3, subscript t indicates the tangential xy-plane and n the normal component. We employ a similar notation for vector fields. Thus, if w is a vector, w t denotes the 2D vector that consists of its two tangential component along the xy-plane, and w n is its normal component. Though it is possible to solve problem (1)- (2) directly, we often combine both equations to arrive at the so-called reduced wave equation. For instance, by applying the curl operator to Eq. 1 and substituting (2) into the result, we arrive at the magnetic field wave equation:
whereρ =σ −1 . The above equation is complemented with the condition that the electromagnetic fields are expected to decrease sufficiently fast when increasing the distance to the transmitter.
Finite element formulation
In this subsection, we derive the most common variational (weak) formulation used for finite element computations (see, e.g., [4, 23] ). Let F be an arbitrary test function and F T its conjugate transpose. Pre-multiplying Eq. 4 by F T and integrating over domain Ω = R 3 , we obtain:
By selecting F and H from the proper functional space that guarantees the integrability of the above formulation (see [23] ), and using integration by parts, we obtain:
where
3 Derivative with respect to bed boundary position
For the sake of simplicity on the derivation of the adjointformulation, in this section, we consider a media composed of only two layers, separated by a horizontal interface (see Fig. 1 ). Nevertheless, the proposed method easily extends to an arbitrary number of interfaces. In Fig. 1 , z i indicates the vertical location of the planar interface that separates the two materials. We denote the corresponding material conductivity as σ z i , which is given by:
where σ + and σ − are strictly positive and constant TI tensors. In the following, subscript "z i " will indicate the material properties, electromagnetic fields, and variational formulations corresponding to this two-layer model problem. Thus, a subscript "z i + " indicates the materials, fields, or variational formulations in the same model problem where now the interface is located at z i + . We assume that the recorded geophysical resistivity measurements are given by:
for some K and G, the first term in the right-hand side of Eq. 9 corresponds to measurements of the magnetic field while the second one represents electric field measurements. In order to obtain the adjoint-based formula that expresses the derivative of the measurements, it is convenient to introduce the adjoint solution H * z i , which satisfies: is selected from the same space as H z i . From a physical point of view, we obtain the adjoint solution by switching the roles that transmitters and receivers play in our problem. Therefore, we only change the right-hand side of the original problem (6) to obtain the adjoint solution. As a result, we are able to reuse the matrix factorization used to solve (6) , also for the adjoint problem (10) . Thus, when using a direct solver, the additional cost of solving the adjoint problem is negligible in comparison to that of solving the original forward simulation (see, e.g., [16] ).
As a direct application of Eqs. 9 and 10, we observe that we recover the measurement value by correlation of the direct and adjoint solutions:
We emphasize that Eqs. 10 and 11 are valid for any interface position z i . At that point, it is possible to differentiate (11) with respect to z i formally. As shown in [18] , this technique is very efficient to compute the derivative of the measurement with respect to the conductivity values. Here, we are interested in computing the derivative with respect to the bed boundary position, and formally differentiate (11) leads to the introduction of complicated mathematical operators. To avoid this, in here, for a given position z i , we introduce a small perturbation and recover the differential by letting → 0. We also mention that the interface must be infinitely long and that specific decaying conditions are assumed on the electromagnetic fields in the approach presented in [18] . On the other hand, the approached proposed here applies in more general settings, including bounded domains.
Since the right-hand side of Eq. 10 is independent of H * z i , if we select F := H z i + , we obtain the following identity:
Similarly, by using Eq. 7, we have:
By using Eq. 11, and subtracting (13) from Eq. 12, we obtain that the difference in the recorded measurements when the interface between the two layers is displaced by is given by the following integral:
At this point, it is critical to treat separately the normal and tangential components of the curl since they satisfy different continuity conditions. The correct treatment of the continuity conditions is crucial to obtain the correct formula for the derivative. In particular, we obtain different weightings for the normal and tangential contributions of the electromagnetic fields at the interface. It turns out that it is easy to derive the correct formula in the setting considered in this work. On the other hand, it would be more challenging and mathematically technical to obtain the correct weightings when using a direct approach as in [18] . For each component of the electric field, continuity of the electric displacement implies the following continuity conditions:
where, symbol [.] z i + denotes the jump across the interface, andσ n,z i + = σ n,z i + − iωε 0 . By using Eq. 1, we obtain the following continuity conditions for the curl of the magnetic field:
whereρ t,z i + = (σ t,z i + ) −1 , andσ t,z i + = σ t,z i + − iωε 0 . Then, we separate explicitly the tangential and normal components in Eq. 14 and re-arrange them to obtain the following expression:
whereρ n,z i = σ n,z i −1 . Recalling (16), we have:
We point out that Eq. 18 implies that the tangential and normal components of the curl exhibit different convergence behaviors as → 0. These different behaviors are complicated to understand when differentiating (11) directly Using Taylor's series expansion, we show that for any smooth function ψ, we have: where z i is the interface between the two materials.
Following an analogous argument for the tangential component, and summing up both tangential and normal components according to Eq. 17, we obtain:
Finally, letting → 0, we have:
From the geophysical point of view, Eq. 21 implies that we need to treat differently the normal and tangential components of the electromagnetic fields in order to find the derivatives of the acquired measurements with respect to the bed boundary positions. This separate treatment is due to the different continuity conditions that exist for the different components of the electromagnetic fields.
Numerical experiments

Model problem A: 2D potential equation
In this subsection, we verify our proposed adjoint-based method to compute derivatives with respect to bed boundary positions, and we analyze their convergence speed with respect to the finite element mesh size. To do so, we consider a simple scenario in which ω = 0. We further assume a 2D problem in the transverse magnetic polarization, so that H is a scalar and E is a vector with two components. Then, Eq. 2 shows that ∇ ×E = 0, so that E = ∇φ for some scalar potential φ. Such scalar potential satisfies the continuity equation ∇ · (σ ∇φ) = ∇ · J, which governs the electrostatic phenomena in a lossy media (see, e.g., [24] ). Furthermore, we can use Eq. 21 with
To better analyze the numerical results, we consider a simple problem for which we know the exact solution. Thus, we select M = 0 and J = (0, 2x 2 ), so that ∇ · J = 2. The domain is the unit square Ω = (0, 1) 2 . Thus, φ z i is solution to
where σ z i = σ z i I 2 , with
is the conductivity of a 1D layered media that consists of two different layers, and σ ± are two positive values. In this example, we consider σ − = 1Sm −1 and σ + = 10Sm −1 , and f = −2. The boundary conditions are:
The analytical solution for this problem is: For the measurements, we consider K = M = 0 and G = J = (0, 2x 2 ) so that the direct and adjoint solutions are the same. Measurements are then given by: Figure 2 compares the derivative of m computed using adjoint state expression (21) vs. analytical expression (26) . As shown there, the numerical result is highly accurate. Figure 3 analyzes the convergence of the adjoint-based gradient with respect to the finite element mesh size for the case, z i = 0.5, and we observe a linear convergence rate.
1.5D borehole application
In this model problem, we consider a 1D layered formation. Moreover, we assume to have a co-axial tool in a vertical well. Thus, the source is given by a vertical magnetic dipole (VMD). We solve the aforementioned model problem by using a 1.5D variational formulation described in [12] (see Eq. 48 of Appendix B). Figure 4 describes the logging instrument used in this model problem. The conductivity of the two-layer media is given by σ z i = σ z i I 3 , where:
Model problem B: two-layer media
and z i = 3.15 m. In this example, the measurement is the value of the z component of the magnetic field at the receiver. To simplify notation, we denote H = H z i ,z (Rx) to the recorded value, and we have m(z i ) = H . Figure 5 shows the real and imaginary parts and the absolute value of H for different tool positions. Figure 6 compares the derivative with respect to the bed boundary position using the 1.5D adjoint formulation (48) vs. that obtained with a finite differences approximation. The finite differences approximation experiences some oscillations due to numerical errors. The solution using the adjoint state method shows superior accuracy and avoids any spurious oscillation. Figure 7 describes the logging instrument used for this model problem. In this example, the conductivity model features four layers. z i = (z i,1 , z i,2 , z i,3 ) represents the location of the three interfaces. The conductivity of the media is σ z i = σ z i I 3 , where:
Model problem C: multi-layer media
with z i = (3, 5, 7) .
For this problem, we consider the attenuation and the phase difference of the magnetic field between the two receivers. These are the quantities often recorded in borehole geophysical measurements (for details, see Appendix A). Figure 8 describes the attenuation and the phase difference for the zz-component of the magnetic field. Figures 9 and 10 show the derivatives of the attenuation and the phase difference with respect to all bed boundary positions of the media using the adjoint state formulation vs. those obtained with a finite difference method. As shown in the figures, the derivatives using the adjoint state method coincide with the finite differences ones for all cases. Indeed, the adjoint-based derivatives produce enhanced accuracy (see Fig. 11 displaying a zoom of the derivative) . Additionally, the adjoint-based method only requires the solution of one finite element problem with two right-hand sides, while the finite differences approach involves the solution of one additional problem per interface (i.e., a total of N int + 1 problems, where N int is the number of interfaces whose derivative is estimated). 
Model problem D: sequence of 1D media
In this model problem, we consider the short spacing deep azimuthal logging instrument shown in Fig. 12 . In recent years, deep azimuthal logging instruments were introduced to better navigate the borehole inside the reservoir and avoid penetrating a water-saturated rock. Figure 13 shows our model formation, which consists of three 1D media. Figure 14 describes the simulated attenuations and phase differences of the zz coupling of the magnetic field. Figure 15 exhibits the derivative of the attenuations with respect to both boundary positions crossed by the well trajectory. As evident in the figure, the sensitivity of the attenuation to a bed boundary increases while we are approaching it. Analogously, Fig. 16 shows the derivatives of the phase differences with respect to the bed boundary positions.
Conclusions
We have developed an adjoint-based formulation to compute the derivatives of geophysical resistivity measurements with respect to the bed boundary positions. We verified our formulations by comparing the numerical results with those obtained using an analytical solution for a potential equation and with a finite differences technique for a 1.5D Maxwell's system. Using the adjoint state method, we can compute the derivatives at (almost) no additional cost in time with respect to that needed to solve the forward problem, and we obtain an accurate evaluation of the derivatives. The formulations are valid for triaxial tools with arbitrary trajectories. 
We use a fast inverse Hankel transform based on digital filters to transfer our solution to the space domain (see [27] for details).
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